Abstract. In this paper total cross sections for signals and backgrounds of top-and Higgs-production channels in e + e − collisions at a future linear collider are presented. All channels considered are characterized by the emergence of six-particle final states. The calculation takes into account the full set of tree-level amplitudes in each process. Two multi-purpose parton level generators, HELAC/PHEGAS [1, 2] and AMEGIC++ [3] are used, their results are found to be in perfect agreement.
Introduction
Six-particle final states constitute the signature for many processes that will be studied at the precision level at a future e + e − linear collider. Important channels include the production and decay of top quark pairs and -if existentof one or more Higgs bosons, the latter process allowing a test of the structure of the Higgs potential. Furthermore, if no evidence for a Higgs boson was found at the LHC, the study of quartic gauge boson couplings is mandatory in order to understand alternative scenarios of electroweak symmetry breaking. Leaving the framework of the Standard Model (SM) the production of, say, chargino pairs in the Minimal Supersymmetric Standard Model (MSSM) will lead to six-particle final states as well. To understand these processes at the precision level, i.e. at the order of a few per cent, it is mandatory to supplement typical approaches such as the narrow-width approximation, with corresponding calculations through full amplitudes, and to quantify the effect of non-resonant contributions. Obviously, for hadronic final states, a full QCD calculation is unavoidable. Such investigations, however, are a formidable calculational task that cannot be handled without dedicated computer programs. Two major difficulties make these necessary:
1. Including the full SM for the production of a six-particle final state often leads to having to handle a large numbers of diagrams. As an illustrative example of this problem, take the process e + e − → e + e − e + e − e + e − , which results in 13896 Feynman diagrams. Obviously, the common textbook method of squaring the diagrams, by employing completeness relations for the external particles and evaluating the traces, is not a very efficient way to calculate the matrix element squared. 2. Apart from the treatment of an enormous number of diagrams, growing roughly factorially with the number of external legs, the integration over the phase space of the outgoing particles becomes a tedious task. The high dimensionality, 3n − 4, for n final-state particles necessitates the use of Monte Carlo methods. To achieve convergence of the Monte Carlo procedure process-and cut-dependent phase-space mappings are required that tame wildly fluctuating integrands, which are due to nearly on-shell propagators. A benefit of Monte Carlo methods, if carefully implemented, is that not only total cross sections but also distributions including all possible types of kinematical cuts can be calculated on an equal footing.
In the past years, different types of parton level generators have been constructed. They can be crudely characterized as either specialized or multi-purpose generators. Usually, the former ones contain explicit matrix elements and phase-space mappings for specific classes of processes with specific assumptions. These matrix elements were constructed before outside the respective program, and this feature also allows for instance to implement nonuniversal higher order corrections in a controlled way. Often, the phase space mappings can be optimized before as well.
Examples for such programs dealing with some of the processes discussed here are LUSIFER [4] and eett6f [5] . Both are constrained to fermions in the final state; in the case of LUSIFER these fermions are bound to be massless, whereas eett6f specializes in top quark pair production channels where the outgoing fermions might be massive, but electrons are disallowed in the final state. Both programs use versions of the adaptive multichannel method in the spirit of [6] for their integration. A further dedicated program using the multichannel importance sampling is SIXFAP [7] . It provides the electroweak contributions for a large set of six-fermion final states, taking into account possible nonzero fermion masses.
In contrast to specialized programs, multipurpose codes generate both the matrix elements and the phase space mappings with or without some intervention by the user. Apart from the programs used in this paper, examples of these types of programs are O'Mega/Whizard [8, 9] and MadGraph/MadEvent [10, 11] . In the first package, O'Mega [8] relies on a version of the alpha algorithm [12] . However, in the present version of O'Mega, full QCD has not been implemented yet. The integration of the resulting matrix elements is achieved through Whizard [9] , which constructs phase-space mappings automatically and integrates them with the VAMP-algorithm [13] . In fact, Whizard can also be interfaced with other matrix element generators and it can be used to generate unweighted, single events. In contrast, MadGraph/MadEvent generates all Feynman diagrams for a process under consideration and then passes the information to the HELAS package [14] for the translation into corresponding helicity amplitudes. The integration channels are constructed automatically, and a new version of the adaptive multichannel method described in [11] is employed for the actual integration and the generation of unweighted events.
This paper deals with the calculation of total cross sections for many relevant processes at a future e + e − collider with two different, independent packages, namely HELAC/PHEGAS and AMEGIC++. Similar to the comparison of four-fermion generators at the LEP2 Monte Carlo Workshop [15] , a detailed study and mutual benchmarking of tools for six-and eight-particle final states at a future linear collider has been initiated in the framework of the extended ECFA/DESY study [16] . Here, a further step into this direction is reported.
For the case of only massless final state particles, a similar comparison between the programs LUSIFER and MADGRAPH, the latter using WHIZARD for the phase-space integration has been presented in [4] . In addition, results achieved by different generators for selected top quark pair production channels in the massless fermion approximation can be found in [17] .
The paper is organized as follows. In Sect. The traditional representation of the scattering amplitude in terms of Feynman graphs results in a computational cost that grows like the number of those graphs, therefore as n!, where n is the number of particles involved in the scattering process. An alternative to the Feynman graph representation is provided by the Dyson-Schwinger approach. Dyson-Schwinger equations recursively express the n-point Green's functions in terms of the 1-,2-,. . . , (n − 1)-point functions. For instance in QED these equations can be written as follows:
where
describes a generic n-point Green function with one outgoing photon, fermion or antifermion leg, respectively, carrying momentum P . Π µν stands for the boson propagator and ǫ takes into account the sign due to fermion antisymmetrization. Technical details about the implementation of the algorithm for the electroweak interactions can be found in [1] . For QCD amplitudes, colour representation and summation play an important role. Usually, for the n-gluon amplitude the well known colour decomposition is used
For processes involving quarks a similar expression may be derived. For further details, the reader is referred to the vast literature on the subject [18] . Methods for calculating the C-functions have been developed [19] , including some recent ones, more suitable for multiparticle processes [20, 21] . One of the most interesting aspects of this decomposition is the fact that the C-functions satisfy certain useful properties, such as gauge invariance and cyclic symmetry. Nevertheless, the computational complexity is rather high and the evaluation of the squared colour matrix a rather complicated task [22] .
In HELAC a novel approach has been considered. It is based on the colour connection (or colour flow) representation of the interaction vertices, where the explicit reference to the colour has been avoided, as is also the case in the usual colour decomposition. The advantage, however, is that the colour factors aquire a much simpler form, which moreover holds for gluon as well as for quark amplitudes, leading to a unified approach for any tree-order process involving any number of coloured partons. Moreover, the unweighting procedure is significantly facilitated, since the usual information on colour connections, needed by the parton shower Monte Carlo, is automatically available, without any further calculation. The colour factor is universally given by
whereas the colour matrix, defined as
with the summation running over all colours, 1 . . . N c , has a very simple representation:
Here, 1 ≤ m(σ I , σ J ) ≤ n counts the number of cycles made by the elements of the permutations σ I and σ J . Details can be found in ref. [23] .
Phase-space integration: PHEGAS
The study of multiparticle processes, such as six-fermion production in e + e − , requires efficient phase-space Monte Carlo generators. The reason is that the squared amplitude, being a complicated function of the kinematical variables, exhibits strong variations in specific regions and/or directions of the phase space, lowering in a substantial way the speed and the efficiency of the Monte Carlo integration. A well known way out of this problem relies on algorithms characterized by two main ingredients:
1. The construction of appropriate mappings of the phase space parametrization, in such a way that the main variation of the integrand can be described by a set of almost uncorrelated variables, and 2. A self-adaptation procedure that reshapes the generated phase-space density in order to be as close as possible to the integrand.
In order to construct appropriate mappings, it is important to note that the integrand, i.e. the squared amplitude, has a well-defined representation in terms of Feynman diagrams. It is therefore natural to associate to each Feynman diagram a phase-space mapping that parametrizes the leading variation coming from it. In PHEGAS, information from HELAC is used to automatically construct a representation of all Feynman graphs contributing to the given process. The subset of Feynman graphs that results in a different phase-space parametrization is then used as kinematical mappings, called channels, to perform the Monte Carlo integration. Details can be found in [2] .
Since in six-and eight-fermion production a large number of kinematical channels contribute, typically of the order of 10 2 to 10 4 , the optimization is also used to reduce their number. This is based on the fact that many of the channels exhibit an important correlation that renders them practically useless as separate channels. The reduction in the number of channels achieved by this optimization is generally important, resulting in a very efficient and rapid integration. The main points can be summarized as follows: -The algorithm exhibits a computational cost that grows like ∼ 3 n , in contrast to the n! growth of the Feynman graph approach. Therefore there is no severe limitation in computing many-particle amplitudes (up to at least 12 external).
-All electroweak vertices in both the Feynman and the Unitary gauge have been included, allowing highly nontrivial checks to be performed. The QCD interactions have been implemented in the colour-connection representation, allowing also a fast unweighting procedure. The decay width of unstable particles is introduced in the fixed-width and complex-mass schemes. Any process with any type of Standard Model particle can be reliably computed. 3 The program AMEGIC++ AMEGIC++, acronym for (A Matrix Element Generator in C++), is a multi-purpose parton-level generator written in C++. It provides a convenient tool for the calculation of cross sections for scattering processes at the tree level in the framework of the SM and the MSSM. Recently the code was extended to cover processes in the ADD model of large extra dimensions as well [24] . The program can also be used to generate single events and it is one of the modules for the new complete event simulation framework SHERPA [25] . As such, the single events of AMEGIC++ can be handed over to the parton shower module APACIC++ [26] with the help of a new method that is correct at the nextto-leading logarithmic accuracy [27] and are thus linked correctly to fragmentation. In AMEGIC++, full sets of Feynman diagrams are constructed automatically and are translated by the program into helicity amplitudes in a formalism similar to the one in [28] . The colour structure of each diagram is represented as a word string, the emerging structures are grouped into sets of amplitudes with identical, common colour structure. Based on them, a matrix of colour factors between amplitudes is calculated using the ordinary SU (3) algebra. A number of refinements of the helicity method has been implemented within the code as well. First of all, the algorithm presented in [29] fixes the relative signs of amplitudes when Majorana fermions are present. Furthermore, explicit polarizations for massive or massless external spin-1 bosons are enabled, allowing us to consider polarized cross sections. Similar considerations help to replace numerators of spin-1 propagators by summing over suitably defined polarizations for off-shell particles disentangling nested Lorentz structures emerging for amplitudes with many internal spin-1 bosons. As a result, AMEGIC++ needs only quite a limited set of building blocks to construct all helicity amplitudes. Internally, they are represented as word strings employing some knowledge--storing mechanism that ensures that all building blocks have to be evaluated only once for each call of the full matrix element. With the help of internal methods these word strings are further simplified. Furthermore, another massive gain in efficiency has been achieved by summing amplitudes with identical colour structure and by algorithms for finding common factors. This is exemplified in Fig. 1 . Having performed these manipulations, the resulting helicity amplitudes are stored in library files. There are a number of prescriptions to treat unstable particles. At the moment, AMEGIC++ supports the fixed-width scheme (FWS) and the complex-mass scheme (CMS). Defining the complex mass parameters of the electroweak gauge bosons, the Higgs boson and the top quark in terms of the real masses and the constant widths through
8) the corresponding propagators can be written as
In the FWS, the electroweak mixing angle is defined according to
It is kept real. For the case of the gauge-invariant CMS, the real gauge-boson masses have to be replaced by their complex counterparts and this parameter is therefore complex as well. Within AMEGIC++ the Yukawa couplings of fermions to the Higgs boson and their kinematical masses are decoupled. This allows us to study, for example, the production of Higgs bosons and their decay into b-quarks, even in those cases where the user prefers to neglect the influence of the b-mass on both the phase space and the helicity structure. For the integration over the phase space of the outgoing particles, AMEGIC++ employs an adaptive multichannel method [6] . Similar to their implementation, generic elements for phase-space mappings such as propagatorlike structures are provided. The individual Feynman diagrams are analyzed individually and one or more suitable phase-space parametrizations for each diagram are automatically created and stored in library files. As an example, consider Fig. 2 , which exhibits a diagram and its translation into propagator-and decay-parametrizations. These files, both for the amplitudes and the phase-space parametrizations, are compiled and linked to the code before the actual integration starts. For users of AMEGIC++ only very little intervention is needed. Having specified the process(es), the model framework and its parameters, a first "initialization" run of the code results in the creation of library files. After their compilation, a second, "production" run will generate the results without any further manipulation.
4 Numerical results
Input parameters and phase-space cuts
The SM parameters are given in the G µ scheme:
The electromagnetic coupling is derived from the Fermi constant G µ according to
The mass of the Higgs boson is assumed to be M H = 130 GeV and its associated SM tree-level width is Γ H = 0.00429 GeV. For this Higgs boson mass its branching ratios H → bb and H → W + W − → 4f are of the same order and therefore both decay channels signify its occurrence as an intermediate state. Concerning the phase-space integration, the following cuts are applied on the external particles:
where θ(i, j) specifies the angle between the particles i and j in the center-of-mass frame, and l, q and beam denote charged leptons, quarks or gluons and the beam electrons or positrons, respectively. The invariant mass of a jet pair′ is denoted by m(q, q ′ ). All results presented here are obtained using 10 6 points (before cuts); statistical errors of the Monte Carlo integrations, i.e. one standard deviation, are given in parentheses.
Results
First of all, processes have been considered that serve as signals or backgrounds for the production and decay of top pairs, Table 1 . Since the branching ratio is practically 100% for the decay of top quarks into bottom quarks and a W (t → bW + ,t →bW − ), all modes considered include a pair of bottom quarks. In cases involving a mixture of top production and decay and pure QCD diagrams, the relative importance of the different contributions to the total cross section has been estimated by switching on and off the QCD coupling constant. In both cases (the fully hadronic mode bbuūdd and the semileptonic mode bbude −ν e ) the top contribution is by far the dominating channel; the difference of taking into account the QCD contributions or neglecting them is of the order of 2-3%. Also, the total cross section of the fully hadronic channel is substantially larger than the cross section of any other individual bb+4 jets mode.
For the QCD contributions, a similar pattern arises also in the vector-boson fusion channels, cf. Tables 2 and  3 . These channels are characterized by either an electronpositron or an electron-neutrino anti-neutrino pair in the final state, corresponding to either Z boson or to W boson fusion processes, respectively. Again, switching on and off the QCD coupling constant gives rise to differences on the level of a few per cent. In contrast, taking into account the Higgs boson (Table 2 ) which may be produced in the schannel through the fusion of two t-channel vector bosons, or neglecting it (Table 3 ) changes the total cross sections for all channels considered by a factor of 2 or larger. This is especially pronounced for channels that can be identified as W W -fusion channels with a semileptonic or fully hadronic decay of the W -pair produced by the Higgs decay (i.e. ν eνe ude −ν e and ν eνe udµ −ν µ , or ν eνe uddū, respectively), where the cross sections are larger by one order of magnitude.
Another mode for Higgs production at an electronpositron collider is Higgs-strahlung, where the Higgs boson is radiated off a Z-boson in the s-channel. In Table 4 , total cross sections for such modes are displayed, where the Z boson decays into muons and the Higgs boson goes into four fermions through a pair of W or Z bosons. In Table 5 , identical total cross sections for the same final states, but neglecting the Higgs contribution, are shown. In both cases, again, the size of the pure QCD contributions is found to be small for most final states, i.e. of the order of few per cent. The only exception is for a pair of muons and four identical quarks; there, the inclusion of QCD changes the results by roughly 20%, when the Higgs boson is taken into account, and by a factor of roughly 2 when its contribution is neglected. It is amusing to note that this relative factor of two compares in size with the effect of including the Higgs boson itself. This, however, is true only for the mode that can be imagined as
In all other cases, as said before, inclusion of QCD has minor effects only; the Higgs boson in contrast roughly doubles the total cross section in all the other channels.
One of the salient research goals at a potential linear collider operating at energies around 500 GeV is the determination of the Higgs potential. For this, the self-couplings of the Higgs bosons have to be checked. are given in Tables 6 and 7 , respectively. From the results displayed one can read off that the inclusion of intermediate Higgs bosons enhances the cross sections by a factor of three to four. Again, also the effect of QCD has been checked. For the process involving the intermediate Higgs bosons, QCD leads to total cross sections that are larger by roughly 30%-40%, without the Higgs bosons, QCD contributes on the level of factors of two to three.
Summary of results
In the framework of this comparison, total cross sections for 86 different processes involving six-particle final states have been obtained by the two multi-purpose matrix element generator packages HELAC/PHEGAS and AMEGIC++. The integration over the multidimensional phase space of the final states has been performed with Monte Carlo methods, and in all cases one million MC points have been used. For nearly all cross sections the resulting statistical error was significantly smaller than one per cent, roughly five per mille. There have been no significant differences between the two codes. To compare the results, for each process i the deviation s (i) of the two resulting cross sections σ 
The distribution of the individual differences is depicted in Fig. 3 . The average deviation iss = −0.065, the variance in their distribution is σ s ≈ 1. The maximal difference between two cross sections is smaller than three standard deviations, s (max.) ≈ 2.6. The distribution of differences follows roughly a Gaussian distribution.
To summarize: Both packages, HELAC/PHEGAS as well as AMEGIC++, lead, with quite different methods, to consistent results for total cross sections for a large number of different processes with six particles in the final state. This provides an independent check of the precision level of the two codes, which can be considered as successfully tested.
